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ABSTRACT

A method is presented for synthesizing the hydrograph
of runoff from paved portions of a drainage area. The method
involves an gpplication of the equations of gradually varied
unsteady flow in open channels to describe the mechanics .of
surface runoff. The pattern of rainfall must be specified,
end the geametry of the area must be given. Also, values of
friction coefficients in the Manning and Darcy-Weisbach equa-
tions must be selected, but the camputed hydrogreph is not
sensitive to rather large variations of these coefficients.
Data fram overland flow experimenis reported in the literature
and measurements of rainiall and runoff collected by the Stomm
Drainage Research Project have been used to vexrify the synthesis
proceduxe. Exce.allent agreement between the measured and com-
pv;ted hydrographs has been obtained.

The method of synthesizing the inlet hydrograph will
provide a meauns for developing from rainfall data, records of
runoff for inlet areas of sufficient length to have statistical
significance. The method could be quite useful for studying
the validity of assumptions implicit in the Rational Method or
other existing design procedures. It has been used in this
study to develop synthetic unit hydrographs for the gaged

drainage areas., For difflcult drainage problems, &s where



wvater is to be pumped from a depressed highway underpass,
this method should be very useful to the design engineer.
A particular advantage of the method is that drainage area
behavior can be simulated on a camputer so the response of

an area to arbitrary, spaclally-varied rainfall can accurate-~
1y be predicted.
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SYNTHESIS OF THE RUNOFF HYDROGRAPH

More than seventy-five yecars ago, Kuichling (1889)
described the central problem of stom drainage design by
stating:; "The most important question which arises in the
construction of a sewerage system whose function is dalsc the
removal of the surface drainage, is with regard to the amount
of storm water that will find its way into the sewers..."

The pglétionship between rainfall and runoff which he then
described is the foundation of vresent storm drainage design
practice in the United States, and his procedure for camputing
storm water runoff rates has ccme to be known as the "Rational
Method" (Fair and Geyer, 1959).

| During the past seventy-five years billions of dollars
have been spent in the United States for storm sewerage facil-
ities which were designed by using the Rational Method. In
the next 30 to 40 years, the population of the United States
mey be expected to double, and the population of urban areas
is increasing at & faster rate than the nation as a whole.
During this period ancther United States must be superimposed
on the United States. BEstimates of expenditures befare the

year 2000 for storm drainage facilities to sexrve the growing



population exceed 25 billion dollars. This does not include
future highway drainage costs oxr the cost of enlarging or re-
placing existing facilities or of improving natural stream
channels. Clearly, the designs for new facilities should be
based on sound, rational principles. If improved procedures
could save 5 per cent of the future estimated costs, this

would amount to savings of more than $5 million annually. The
present value of these future savings on new residential con-
struction alone, until the year 2000, is more than $100 million.
And the benefits of having fulure drainage capacity more ad- 7
equately matched to their need would be worth many times the
savings of construction costs.

When using the Rational lMethod, an estimate is made of
the greatest rate of stom water runoff that will be equaled
or exceeded on the average of once in T years. The value
ﬁsua.L’Ly used for T is belween 2 and 50 years. As larger
values of T are selected, larger values of the design runoff
rate are cbtained. For T = 5 years, a recent study (Schaake,
196k) suggested that one out of every three runoff estimates
by the Rational Method is presencly in error by more than 20
per cent. If this error could be reduced to only 10 per cent,
there would be significant savingse.

Since 1949, the Hopkins Stom Drainage Research Project

has been studying various aspects of the wrban drainage prcblem.



Both the hydrologic and econcmic aspects of the problem are
now being investigated. Econamic studies (Knzop, 1965) have
shown that econamic decisions depend quite heavily on adequate
rainfall-runoff relationships. The primary cbjective of the
Storm Drainage Research Project is to develop a method for es-
timating the hydrograph of runoff at the storm water inlet
fran knowledge of rainfall and the physical features of the
drainage area. By routing inlet hydrographs through the drain-
age system, the downstream runoff hydrograph can be estimated.

A method is presented here for estvimating the hydrograph
of runoff fram paved portions of the drainage area. If this
method could be extended to include runoff contributed from
pervious areas, there could result a much improved method of
urbvan drainage design.

The method to be presented involves an application of
ﬁhe equations of gradually veried unsteady flow in open channels
10 describe the mechanics of storm runoff. Overland flow of
surface runoff and the flow of runoff in gutters and stom
sewers are accounted for. If the pattern of rainfall as 1t
occurred in time and space is known, the runofi hydrogreph may
be camputed. Only paved areas have been studied thus far.

To extend the method to unpaved areas, there must be proper
accounting for the water that infiltrates into the soil or

is retained on the irregular soil surface.



The equations for gradually varied unsteady flow in
open channels have been used in recent years for flood predic-
tion in rivers. Stoker (1957) has used these equations to
study floods in the Ohio River and to study the behavior of a
flood at the Junction of the Chilo and Mississippi Rivers.

More recently, Yevdjevich (1961) has discussed the use of
these equations to study the flow of storm runoif in a storm
drain.

The method presented is based on sound physical prin-
ciples and probgbly will be of greatest value in synthesizing
runoff records for use in statistical studies. Most practical
problems would not justify direct use of this rather complex
method for the design of stoxm drains. However, the method
may be quite useful for developing unit hydrographs or for
studying the validity of assumptions made when using the Rational
Method or other design procedure. A paerticular advantage of
the method is that drainage area behavior can be simulated on
the camputer so that the response of an area to any arbitrary
rainfall input can be predicted. Also the sensitivity of the
runoff hydxrograph to various factors can easily be studied.
This could be extremely helpful when attempting to describe
drainage area behavior. This method also could be useful in
formylating plans for collecting urban hydrologic data for

specific studies.



Chaptexr 2

THE RUNCFT' PROCESS IN URBAN AREAS

The runoff process begins when water falls as rain
and ends when this water leaves the area as surface runoff,
evaporation, transpiration, or underground flow of ground-
water (Linsley, Kohler and Paulhaus, 1958; Hortom, 1945).

A simplified description of the various phases of the runoff
process is illustrated in Figure 2~1. Urban drainage areas
typically are gquite different fram natural drainage areas
since much of an urban areas is impervious and drainage is
orovided by paved gutters and sewers as well as by natural
stream channels. However, the basic runoff process is the

same For both natural and urban areas.

The Phases of the Runoff Process

Vhen rain falls on an urban area, same of the water
lands on imperviocus surfaces and some on pervious surfaces
that may or may not have same foxm of vegetal cover. Same
or all of the rain reaching pervious surfaces may infiltrate
into the soil profile. As rain continues, colloidsal materials
swell, reducing the rate of infiltration. Also, open spaces

in the soil became filled and the rate of infilbtration is
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drastically reduced from an initial rate to the rate at which
water can percolate downward by gravivy and cepillary forces.

After the rate of rainfall exceeds the infiltration
capacity, flow of water over the suxrface can occur. As this
flow begins, same of the water 1s trapped in surface depres-
sions. These depressions may becazne £illed and then overflow,
but the water contained in them does not beccme surface runoff.
This wabter either eveporates or infilirates into the soil after
rainfall ceases. Since there are many sizes and shapes of
depressions throughout an area, it is possible only to consider
their gross effect on the downstream runoff hydrograph.

Water that is nol inf'iltrated or evaporated and is not
stored in surface depressions eventually anpears downstream
as runoff. Runoif begins with overland flow, then there is
flow in swales and gutters, and finally there is flow into a
sﬁonn water inlet and into the sewer system.

The camplete runof{ process can be sumarized briefly
as showvn in Figure 2-l. The rates which rainfall enters the
various phases of the xrunolf process are indicated by: il,
infiltration; i2, depressinm storage; i3, surface runoff supply
rate. The greatest problem in synthesizing the runoff hydro-
greph in urban areas is one of accounting proverly foxr the
distribution of the walter among these phases of the runoff
process. For paved areas, the rate at which waler enters de-

pression storage can be neglected for practical purposes without



introducing a substantial exror in the estimated runoff hydro-
graph. During stoms of importance to design engineers, the
volume of depression storage on paved areas is a small part
of the total rainfall voluwie. On the other hand, the loss
of water by infiltration and depression storage in pervious
areas is significant and the accuracy of runoff estimates will
never be better than the accuracy with which these losses can
be estimated.

The most accurate method in general use today for es-
timating runoff fram reinfall involves: Tfirst, accounting
for the amounts of water entexring the various phases of the
runoff process; and then, using a unit hydrograph to approxi-
mate the mechanics of surface runoff to obtain the downstream
runoff hydrograph.

If records of rainfall and runoff for an area are avail-
dble, a unit hydrogiraph may be derived from these records.
But for areas where records of rainfall and runoff are not
available, as is always the case where storm drains are to be
provided, a synthetic unit hydrograph must be cbiained fram
Inowvledge of the physical features of the area. There is no.
generally accepted procedure aveilable for accurately obtaining
a synthetic unit hydrograph Tor an urzaged arca.

This study demonstrates how the mechanics of surface
runoff can accurately be described by the equaiions for gradually

varied unsteady flow in open charnels. Using these equations,



the runoff hydrographs fram overland flow experinments by
Izzard (1942-43) and runoff hydrographs observed for three
vaved areas gaged by the Storm Drainage Research Project
have accurately been synthesized. For paved areas, such as
parking lots, streets, highways, and airfield runways and
parking aprons, infiltration 1s negligible and depression
storage is small campared with the total rainfall during in-
tense stoms. For these areas, the equations of gradually
varied unsteady flow in open chamnels describe, almost ex-
actly, the camplete runoff process.

Hopefully, these equations can also be used to describe
the mechanics of surtface runoif for pervious parts of a drain-
age area. It would be necesszrxy to account for the distribu-
tion of water in the various phases of the runoff process, but

the accuracy of the result would be limited only by the accuracy

of the accounting procedure.

A Representation of the Surface Runoff FPhase

To describe the flow that occurs in the various parts
of a drainage area during a storm it is necessary to divide
the whole area into a number of camponent parts. The equations
for gredually varied unsteady f£low in open channels can then
be used to describe thé flow in each of the cauponent parts

of the larger areas.



10

Typically, a parking lot may drain to a swale, the
swale draining to a storm water inlet. Such an area is il-
lustrated in Figure 2-2a where a plan of the parking area
SPL1l pgaged by the Stomm Drainage Research Project is shown.
There is a swale running longitudinally through this area;
a profile of the swale is shown in FMigure 2-2b. How this
area was partitioned into smaller camponents is shown in a
schematic representation of the area, Iigure 2-2¢. For con-
venience, each of the component parts‘of the area are numbered
and their physical characterisiics are given in the table in
Figure 2-2d. The outflow fram component 6 flows into a storm
water inlet where the runoff is measured.

Beginning at the upstream edge of the area, camonents
1l and 2 refer to the parts of the area contributing overland
runoft to component h, The uvostrean part of the swale. Since
the overland flow to the swele 15 measured in cfs per foot of
swale length, only the outflow fram a one foot wide strip of
overland flow ne~d be canputed. The rectangulor overland flow
camonent is therefore camposed of a sequence of one foot wide
strips. The sum of the outflows from one foot wide strips
Tram camonents 1 and 2 then represents unifoxrm lateral inflow
along the length of component 4. Outflow from ccmponent 4 is
wpstream inflow to camponent 5 which also receives unifom

teral inflow from camponents 1 and 2. Camponent 4 was term-

inated vhere there was a change in the s..ope ol the swale as
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can be seen in the profile, Figure 2-2b. tflow from com-
ponent 5 is then upstream inflow to camponent & which also
receives uniform lateral inflow fram camponents 2 and 3.
Coamonent 5 was temminated at the point where the length of
overland flow on one side is reduced from 36 feet to 25 feet.

The schematic representation of the area SPLL illus-
traces how a small, paved inlet area can be divided into
sualler camponents that together represent the essential fea-
tures of the whole area. ZIZach of the other paved areas gaged
by the project also have been reoresented schematically as
shown in Figure 2-3 and TFigure 2-4.

In describing schematically the overland flow contri-
bution to swales and gutters in & drainage area, the direction
of this flow has been assumed vexpendicular to the gutter.
Because the gutter has a longitudinal slope, the actual direction
of overland flow 1s determincd by the gutter slope as well as
the cross=slope of the surface so that the actual direction of
flow is not exactly the same as the assumed direction. However,
it can be shown that the camuted time of flow along the assumed
direction is exactly the same as the time of flow along the

actual direction if the flow is laminar. An error is, however,

WA

noroduced because the overland flow actually enters the gulter
av a voint further downstream than is assumed in the represen-
tation used here. But this exror is very small and can be neg-

lected.
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The gaged areas cansidered in this study were basically
rectangular in shape so that the overland flow components
could be represented as rectangles. However, if the area had
2 more camplicated shape, trepozoidsl or trianguler camponents
also could have been used. There would then be a spacially
variable lateral inflow to the gutter since overxrland fiow
lengths would vary along the gutter.

Because there is only one rain gage on each of the gaged
areas, no data exist to descrive the areal variability of the
rainfall during the ocbserved storns. t was assumed, therefore,
that reinfall intensities were spacially unifoxa throughout
the area. Although the spacial variebility of the rainfall
has been neglected, it could have been included 1f data were
availeble. Tne basic ap:oroac:. in using the ecuations of flow
is sufficiently general that areal varisbility of rainfall can
ana should be considered in future studies. Using the basic
approach taken here, the sensitivity of the runoff hydrograph
to the areal varigbility of rainfzll observed on various sized
drainage basins could accurately be studied. Howvever, a samewhat
more camplicated computer program would be required than was
used in this study. Also, the cost of the camoutations would
be considerably greater than for spacially uniform rainfall.

Thus far, runoff fram paved areas only has been studied.

It would be possible, however, to consider runcoff contributions



fram the pervious areas also. If the amountl of water entering
the other phases of the runoff process could be accounted for
properly, the remaining water could be routed overland to a
swale, a gutter, or to the upstream end of a paved overland
Tlow segment. To describe exactly the location of all of the
flow paths in perviocus portions of an area would be an impos-
sible task. Hopefully, the escence of the physical runoff
orocess can be preserved by aporodimating the true flow con-
ditions in the pervious areas with properly chosen planes of

overland flow and segments of sivale and guttexr flow.
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Chapter 3

SOLUTION OF THE EQUATIONS OF GRADUALLY VARIED
UNSTEADY FLOW 107 OFPLEN CHANNELS

The eguations for gradually veried unsteady flow in
coen channels have been used in this study to describe the
relationship between rainfall (more pracisely, the surface
runoff supply rate) and the area, depth, velocity and rate
of flow of surface runoff in a dralnage area. They account
Tor the consexvation of mass and romentum of the surface run-
off at any point in space and time., Because of the comlexity
of the ecuations, analytic solution: cannot be obtained for
the practical prcblem of synthesizing the hydrograph of runoff
from reinfell. Therclfore, numerical methods have been used
to obtain solutions, and the camputations were verformed on
a digital computer.

A very camplete discussion of the application of the
equations of flow to unsteady free surface flow in a stoxrm drain
was presented by V. M. Yevdjevich in 1961 in a report to the
U. S. Bureau c¢f Public Roads. This report was prepared as part
of the initial phase of a broader program to develop a set
of rcuting methods for flows in storm drains. A hydraulic

model as well as the digitel camuter are being used in that

study.
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The equations of flow are presented below, the signifi-
cance of each term is briefly described, and the assumptions
implicit in the use of these equations are sumarized. Since
numerical techniques were used to solve the equations, variocus
finite difference forms of these equations are discussed.
Finally, the algoritkm for solving the finite difference
equations is presented.

The symbols acdovted for use are defined where they first
appear and are listed in Acvendix A. In Figure 3-1 the notation

used in this chapter also is illustrated.

The Egquations for Gradually Varied

Unsteady Flow in Open Chennels

The first equation is a continuity e tion, usuall
L F s

written as:

0(
=
+
N
i)
|
0

(3-1)

S
¢t
o
12
ry

This equation is derived by considering the water entering

and leaving an infinitesimel section of a channel (Yevdjévich,
1961). The tem & A/t accounts for the changé in storage

with time in the infinitesimal section; the texm ¥Q/ ¥x accounts
for the difference between the ocutflow and the inflow to the
infinitesimal section; and the tem g is the lateral inflow in

cfs/ft along the channel. This equation, in finite difference
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Torm, is widely used for studying the effect of storage on
flood peaks in reservoirs and open channels (Clark, 19L45;
Rouse, 1950).

The second equation, usually referred to as the mcmen-
‘e equation, refers to the dynanic behavior of the flow. It

frequently is written as:

yv..ooxv ¥ H Vg
—_— Vet g+ g(Sp - 85) + —=0 -2
b/'b+ :{'*‘ Y 8(f o) ry (3-2)

and. is derived by considering all of the forces acting on a
Tluid element. Neglecting the first and last temms, the re-
meining terms are camunonly used to camute backwater profiles
Tor steady flow in reservoirs end stream channels., The first
tem, ()’V/)’t, accounts for the lccal accelexratiocn of the
fluid. The convective terms, Vg and g 3{—5- , relate to changes
in kinetic and potential enexgy respectively. The terms gSp
and gS, account for friction along the cnannel and the cam-
ponent of gravitational force in the direction of flow respec-
tively. The last temm, qV/A, accounts for the momentum that
mist be imparted tc the lateral inflow by the water flowing
in the channel.

During this study, the range of values obtained for
each term in the momentum equation are presented in Teble 3-1
for both overland fl ow and gutter and pipe flow conditions.

Since the texm §V/ %t was found to be much smaller than the
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other tems, it probably can be neglected without significantly
affecting the camputed hydrograph. Neglecting this term would
reduce by a factor of 2 or more the camputer time required
since it would be possible to use larger values of At in the
finite difference equations. The relation between the term

¥ V/ ¥t, the magnitude of A 1, and regquired camputer time is

discussed in this chapter.

Teble 3-1. Fange of Values of Each Term
in tae Momentum Lquation

Term Cverland Flow Pipe, Gutter Flow

(£t/sec?) (f£t/sec?)
R 0 - .0L 0 - .03
[V

v};{ 0 - .01 0-3

g 5 0 - .20 0-6

gSo 0 - 103 O - l.l

v

bt 0 - .001 0 - .05
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Evaluation of the Fricvion Texm, Sp

The most impoxrtant teim in The dynamic egquation is the
friction termm S5.. ©Siace the magnitude of this tem is usually
larger than any of the other terms, excedt Sqs the method of
evaluating Sy would be expected to have greater effect on the
camuted hydrograph than any ocvher texm in the dynamic equation.

To determine Sy, a unifona flow formula has been used.

Where there was laminar flow (as apparently occurs during over-

land flovw), the Darcy-Weisbach Fforiula 1
L e
iV
S:n: o -
£ = Tag (3-3)

was used. The coefficient, £, is found from

Same investigators when studying flow in rectangular channels
prefer to use the ecuation S £' V2, Thervefore, £' = 4f and
TS H Bz
f'R = LfR. The factor of L has the effect of giving values of
f' more nearly the same value as are obtained for circular con-
duits Flowing full. The factor 4 results fram the fact that
the hydraulic redius of a circular conduit is D/E and D is used
wvhere H appears in the Darcy-Welsbach foxmula. For wide rec-
tangular channels, the hydraulic radius is equal to the depth
of flow. Since the theoretical wvalue of the product LR for
rectangular channels is not the same as for circulaxr pipes
flowing full, there is little to be gained by inecluding an
arbitrary factor of 4 in the Darcy-Weisbach equation. This
factor has been cmitted in this study.
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£ = C/R (3-1+)
where C is a constant and

R

VH/; (3-5)

is the Reynolds number. UWhere there was turbulent flow, Man-

ning's equation

nv 5
Se = { Thge 275 (3-6)

-

was used, where n is a coefficlent related to the channel
roughness and r is the hydraulic radius.

It has been assumed that the value of Sy occurring for
gradualiy varied wasteady flow at any point in a drainage basin
is the same as the value of Sf 2t the sazme velocity and hydraulic
ragius durirg uniform steady flow at that same point. The error
introduced by this assumption probably is less than the error
involved in selecting prdpe§ values for the coefficients C and
I

The sensitivity of the comouted hydrograph to different
values for C and n was investipgeted. From a pracvical point
of view, the runofi hydrograph was found to be insensitive to
these coefficients. This was rather surprising since Sf is

‘the most important temrm othexr then S, in the dynamic equation.
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The results of this sensitivity analysis are presented in

Chaptler 5,

Assumptions Used in Deriving the BEquations of Flow

The assumptions uscd in deriving the equations of Tlow
can be sumarized as follows (Yevdjevich, 1961; Chow, 1959):

1. Accelerations normzl to the direction of flow have
been neglecﬁed.

2. Velocities normal to the direction of flow have been
neglected.

3. Vélogit;és are assuned to be unifoxrm throughout a
section normal to the direction of flcw., This
assumiion hac been made more restrictive than
necessary since coeificients can be introduced into
the dynomic equation to account for a variable
velocity profile. EKowever, if these coefficients
are introduced, it is then assumed that the coef-
ficients arc the same as for steady Ilow conditions
at the same discharge and depth of flow.

L, Friction resistance is assumed to be the same as for
steady wnifom flow at the same velocity and depth
of flov.

The importance of these assumptions in this study can

be investigated by considering their possible effect on the
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runoff hydrogradh. Since the flow is gradually varied, accel-
erations and velocities normal to the direction of flow are
small compared to those in the direction of flow. Furthemmore,
the most significant terms in the dynamic equation are the
terms S, and gSp. Certainly, il the runoff hydrograph is
Insensitive to small perturvations of the term gS;, the hydro-
crepn would be at least as idnsensitive to variations in the
other terms, The sensitivity analysis presented in Chapter 5
provides suificient Jusuvilication for the zbove assumptions,

vhere the objective is synthesis of the inlet hydrograph.

A Tinite Difference Anproximacion

to the Equations of Ilow

The two equaticns of flow can be written in Tinite

difference fora as
AL AQ
AT + AX =q (3"’7)

1 v H W
ﬁt * ﬁx RS ﬁ:i + g(8g - SO)"'E:— =0 (3-8)

To be camputationally usefvl, the solution of the finite dif-
ference ecquations should approach the solution ol the partial
differential equations as Ax — O and At — O. The strategy
Tollowed in this study has been to divide the chamnel into a
number of intervals of length, A, and then the above difference

equations are solved at successive intervals of time, t.
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To assure that the solution of the finite difference
equations approximate the solution of the differential equa-
ticas, a restriction must be olaced on the selection of Ax
and A%. Tuis restriction is that the ratio A:x/At must

satisfy

BE > A=y oam (3-9)

at 21l grid points (Forsythe and Wasow, 196L; Dronkers, 1964).

his restriction is related to the existence, in the x - €

g

plane, of characteristic curves described by the equations

)

= ) (3-10)

abld
T =V - Jen/m (3-11)
Shpll disturbances in the flow ot any point in the x - t plane

Q

are provogated along curves defined by these equations. These
curves also define the regions of influence and dependence of
the solution at points in the x - t plane on the solutions at
other points. Thus, it is necessary that the inequality (3-9)
be satisfied.

To epvpreciate the significance of this restriction,
scme typiceal numerical values moy be helpful. The value of AXx

in this study varied fram 3 £t Lo more thzn 50 ft. Values of
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the velocity V varied frcm 0.3 It/sec for overlond flow to
5-10 £i/sec for gutter and pipe flow. The tem |ghA/B is
goout as large as V. Thercfore, the value of At typically
was limited to fram L ©o 3 seconds. A considercble number
of camputaticns must therefore be made to obiain runoff hydro-
graohs for storns that last fcr 30 to 60 minutes or more.
Neglecting the tera B’V/(}/u would eliminste one of the canar-
acteristic curves, and the remaining curve would be defined
by dx/dt =V = gAVB allowing a larger interval A+ and re-
ducing the number of carputations required by a Tactor of
éreater Than 2.
The mammer in vwhich the terns AG/Ax, AV/Ax, and

A H/Ax nust be evaluzied elso depends on the characteristic

1§

equations. I the tem V - Joi/3  is nositive, the flow is

ritical.

[}

supereritical; if it ic negative, the flow is
5’5'* supercritical flow, all disturbances prooogate dovnstream;
but Tor subcritical flow, disturbances propogace both upstream
and downstream. Tals phenamena must be oreserved in the finite
difference representaticn of the nartial differential equations.
Therefore, the temms ¥ Q/rx, yV/rz, and yE/¥x vere evalu-
ated using different finite difference schemes Ior supercritical
Tlow.

Referring to Figure 3-2, the following squations were

used to apoproximate derivatives with respect o X for suberitical

flowe
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Finite Difference Equations



AV

N>
O

V({x+rAx) - V(x-Ax) V-V

A x

AH

20 24

H(x+ Ax) - E(x- Az} Hp-Hyp,

Ax

AQ

24A:z Z2AX

alx+ax) - 0fx-Az) _ Qr-0y,

A=

241 24x%

(3-12)

These are centered difference annroximations to the deriva-

tives, evaluated at the »oint M in Flgure 3-2.

Points uo-

stream as well as downstrean are used to appro:iimate the de-

rivatives.

9

For superceritical flow, a backward difference scheme

was used:

AV

V(x,t V(x-az, t) V0

Ax

AH

H(x,t) - E(x-4x, t)  Fy-Hp

Ax

AQ

Q(x,8) - Q=27 §) | QG

Az

Only points at

derivatives at

(3-13)

M, or upstresm Ifrau M are used to estimate the

point M where the flow is supercritical.



The remaining terms in Rquations 3-7 and 3-8 were evalu-

ated for both subcriticel and supercritical flow as follows:

Aa AGg, trat) - alnt)  Ae-by
At At At

(3-14)

AV V(x, t+at) - V(,t)  Ve-Vy

At At At

Sf=

Vhen Equaticns 3-14 are substituted into Zouations 3-7
and 3-8, there resuli wwo equations for two unknowns, A(x, t+41)
and V(x, t+At). Tiese are the only unlmown quontities since
values of A, Q, H, and V arc knowvn at time t. These values are
Inown either from the iznitial conditions that must be specified
Tor the first iteration or fran the solution oobtained fram the
vrevious iteraticn. One iteration consists of solving for A and
v (thus also Q and H) at tine (e At) at all grid points along
the length of the channel. The grid points at the boundaries
require special consideration. Equation 3-7 is used to obtain
Alx, 4+ At) and Equation 3-8, V(x, t+At). The algorithm used

%t determine A(x, t+At) and V{x, ©t+ At) is ottained after
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substituting 3-3 to 3-6 into 3-7 and 3-9. Then referring

to Figure 3-2 and to Equations 3-3 and 3-14

A(x, t+At) Ay - (AQ/AX) At + qAt (3-15)

Vp = (K Ixi - bKoK4)/2K,

u
i

Ap

v(x, t+4t)

where

At Vv At
Ky =1+ g + AV A (Turbulent Flow)

2(mrhp) Ax 2

gAt

n
-+H
2| L ues(RRy2/3

VM AV 2
= E_ TA—;C- At + gAt(AH/Ax - 54 * 2K3VM/8A13)

UUN
1

(3-16a)

[ CVAt AV At:f [AH ]
WMl - (HM+HP)2 - %3 - gAt H—So

+ AV At + CVAt
Ax 2 (Hypip)®

v(x, t+At) =

1

(3-16p)

(Laminar Flow)

Te decision whether to use Equations 3-12 or 3-13 to

evaluate the derivatives with respect to x depends whether the

flow is subcriticel or supercritical at the points L, M, and R.
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This decision involves the directlons of the characteristic
curves leaving these poinits. Vhere the flow was supercritical
at same voints, but not at others, the specific Torce of the
Tlow &t the points L, 4, and R was checked to see if a2 hydraulic
Jum would occur. This procedure assuues the flow is steady,
buc the acceleration forces in the direction c¢i flow are sm=ll
campared to the pressure and momentum forces so the results

Bal %

significantly aflected by This assumotion. I the

ct

are no
Tlow is supercritical or subecxitical at all points, there is

no gquestion which equations to use.

Initial Conditions

The initial conditions used in this study were V(x,0),

A(x,0), Q(x,0) and H{:x,0) = O throuchout the draincge area.

oo

These ccnditions satlsiy the ozrtial differential equations

o

as well as the Tinite difference equations since all buv 2
terms in the maneniun equation are initially put equal to
zerc. The two remaining texms in the momentun equation are

Yv -
&

<t

(o
Einle)

at the instant t = O. At same w21l increment of time ¢ after
the instant t = 0, the wvelocity as.uces a non-~zero value and

the momentum equation beecies, for overland flow

FV
Tt * 6(8g-8) = 0 (3-17)
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After time €, the term Y V/ X+t is much smaller than either of

the terms gS¢ or g&5g.

Boundary Conditions

The boundary conditions that have been used depend
whether the flow is subcritical or supercritical at the boundary.
For supercritical flow at the upstream end of the channel there
are two characteristic curves originating at the upstreem boundary
since dxfdt =V ijm is positive for both curves. There-
fore, two boundary conditions must be given at the upstream
boundary if the flow is supercritical there. If the flow is
subcritical at the upstream boundary, only one boundary con-
dition is given there. At the downstream boundary, a character-
istic cuave originates only when dx/d.t is negative as occurs
when the flow is suberitical there. Therefore, not more than
one boundary condition can be imposed at the downstream boundary,
and this only when there is subcritical flow there.

The possible situations for required boundary conditions
are sumarized in Table 3-2. Here, depending on whether the
flow 1s subcritical or supercritical, and whether the boundary
4s upstream or downstream; the required number of boundary
conditlions at that boundary are indicated.

It is readily seen fram this table that at least one

boundary condition ls always redquired at the upstream boundary.



Teble 3-2.

Number of Boundary Conditions Required

Boundaxry Suocreritical IFlow Subcritical Flow
Upstream 2 L
Dovnstrean O 1

This condition therefore is always given by the inflow hydro-
grapvh at the yover end of the chuounel.

If the flow is supercritical at the upstiream boundary,
the denth of flow at this beoundery may also be given as a
boundary conditiocn. Assuming the aepth of flow fram the chan-~
nel contributing fram unstrezn of the channel in question were
knovm, same decision rule could be formulated based on the
eﬁergies of the flow in the transition between the two channels.
However, since the obJjective nere relates only to the runofl
hydrograph, =m2ll inaccuracies in flow depths can be tolerated.
Therefore, the flow is assumed To be at critical depth at the
upstream boundary whenever the flow immediately downstream
fran this btoundary is supercritical.

The final situation is .Jhere the flow is subcritical
at the dovnstream boundary. I .re, upstream depths of flow are
inTluenced by the depth of f.c at the boundary. The best

procedure to follow at this polal depends to a great extent
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on the geometry of the drainage area, If there are very flat
slopes (i.e., less than about 001 ft/ft) the depth of flow
in the next channel downstream should be considered. Where
slopes are steeper than sbout .001 ft/ft, a much simpler pro-
cedure, from the programming point of view, can be used. 1In
this study, equations 3-13 were always used to campute the
velocity and area of flow at the downstream boundary, even
when the flow was subcritical. The possibility of a backwater
effect at the downstream boundsary was therefore eliminated.
Depths of flow cbtained in this way at the dowmstream boundary
were found to be very close to the depths that would obtain
for steady unifom flow at the same rate of flow and channel
slope.

One other altermative for establishing the downstream
boundary condition for subcritical flow arises when the channel
discharges freely. Here, the depth of flow at the boundary
ls known to be at the critical depth for the given rate of
flow. However, for this case in which the slope of the chan-
nel is flatter than the critical slope for uniform steady f£low
at 8 glven discharge rate, very small intervals of A x must be
used near the boundary to describe the drawdown curve of the
water surface. Since the ratio Ax/At must be larger than

A=V + :Jrg_A—/—B; the interval A+t must be reduced in proportion

to the reduction in A x required to obtain the drawdown curve.
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Because the object here is to ottain runoff hydrozraphs, the

ninor irmrovement that could be expected for a considerable

increase ia camputer time needed to define the drawdown curve,

deoes not justify the exsense.



RESULT OF CC.PUTLn SLULATION OF
THE RUNQFYT PROCESS -~ CYERLAND FLOW
Before attempting —o simulace the runoif from an entire
drainage area, a muber of overland flow tests conducted by
Izzaxrd in 1942-43 were simulated. Thece overlend flow tests
were made for two types of paved suriace and & blue grass
turf surface. One of the izpervious surfaces was a camercial
slate roofing-felt imprepnated with asphalt, anrd tests simulated
wexe run on this surface.
The overland ficw tests werzs conducted using a flume
72 feet long by 6 feet wide (Izzord, 194k, 1946). Lengths

-

of overland flow for various tects were between 12 Teet and
72 feet. The slope of the Flume was varied beltween ,001 Tt/ft
and .OL ft/ft. The reinfall intensity was epproximately 2 or
L inches per nour. Rainfall was sprinkled uwnifoimmly over the
area av a steady rate until the ruacdf at the end of the flune
reached Xsteady state. Caly the domstrezm discharge was measured
and the rainfal:. intensity was campuited frcom the steady state
runoff rate. Runcdf measurements were nade at vime intervals
as small as 5 seconds devending cn the rate av which the run-
off ratz changed with time.

The tests selected for simulation were chosen on the

basis of a factorial desi vhere each of the factors: length
(=3 2
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slope and rainfall intensity werc at hign and low levels.
The complete Factoxrial was used so that all cabinations of
high and low levels of the three factors were considered in
the eight tesis selected. The levels of the factors and the
run nurbers corresponding to each test are irndicated in

Table L4-1.

Table 4-1. Factorial
st

T sign of Selected Overland
Flow Tes te

Tor Coammuter Simuwloticon

Simulation RainTall
Run Izzaxrd's Lensth Slooe ntensity
Number Run Numbex (2% (£c/1% (in/nar)
T 121 12 .005 3.58
8 133 T2 .CO5 3.67
9 173 7 .0k 3.68
12 13k 72 .C05 1.87
13 1z2 1z .005 1.73
i 17k 72 .0k 1.90
15 167 12 LOl 3.66
16 168 iz Ol 1.73

BEvaluation of the Friction Tera, S
2

o
S

Before the ovexrland flcw tests could be simulated,

coefficients in the equation for Sy had to be selected. For



the small Reynolds numbers that occur during overland flow,
the flow is essentially laminer. However, the raindrop impact
causes disturbance of the Tlcw and provides additional energy
that must be dissipated. This has the effect of increasing
the resistance to flow, and larser coelficients in the laminar
friction equation result than are determined theoretically.

The Darcy-Weisbach equation (3-3) was used to campute
vhe friction slope, Sp, for the overland flow tests. For

convenience, this equation is npresented again.

S (4-1)
S, = — e -
L H Zzz
where
= C (4-2)
I
and C is a constant. The Reynolds number is found from
R =2 (4-3)

Y

For laminar flow in a rectangular channel, the value C = 6
is obtained by balancing the forces acting on an element of
the fluid and assuming the shear stress is related to viscosity

by the equation

-

Qv

Y o= p— (4-k)

R

il
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The roughness of the boundary has no effect on the flow in
this theoretical description.

To obtain a wvalue feor C to te uscd in the simulation,
it is recalled thatv initially the tems A, V, G, and H are
equal to zero. Therefore, in the equations of flow, all par-
tial derivatives with respect to x are iniitizally equal to zero.
If a wniform rainfall is then applied, the values of the terms
in the continuity ecguatvion evaluated at the dowmstream end

of the channel are

AL L& =0 -
7 vz (4-5)

for an interval of time after ¢ = 0. If the channel were
infinitely long and if there were no drawvwdown effects at the
end of the chamnel, Equation L~5 would hold at the downstream

end as long as there wexre a steady uniform rainfall intensity.

L

In the mamentum equation, the texms §FH/ ¥z and yV/rx
similarly, are initially equal ©to zero at the downstream end.
Then, neglecting the tewms ¥ V/ ¥+ and Vg/A, vhich are small

camared to gS, and gSp, the momentum equation is reduced to

S.22 S (4-6)

- o
for an initial increment of tinme after t = O.

After substituting Bouations 4-6, k-5, 4-3, and 4-2

into k-1, the following ecuation is obtained
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o 3
2:35,d
Q= C°3~— (1-7)

where Q is the runoff rate in ¢fs &t the downstiesm end, and

it
L3200

where i is the rainfall intensity in in/hr and t iz time in
seconds. The runoff rete, in in/hr is then given by

R
Q = 2554 176 (h-8)

2
¢ v L{&3200)

Equation 4-8 can be used as a similarity relationship
so that all data from the vegirning of all tests can be used
‘to obtain a single estimate for C. If Equation 4-8 is rewritten

as

8 1.3
G =g=ct (4-9)

values of Q* can be camputed Tfrom the data for ce:h test and
plotted as a function of t. D.ta fxram each of tae eight tests
listed in Table 4-1 have beer ploited in this vay, as illustrated
in Figure 4-1. A straight line was fitted to the data by eye.

If the flow were laminar during the tests, the slope of this

line on log-log paper would be 3:1. A line with this slope

Tits the data very well, and the value cbirained for C was C = 10,



Lo

10* — / —

- ]

B RUN (34 7]

LY _

o - o™ _Q(IN/HR) ]

= K :

i 29S,i® ]

vL(43200)° / RUN 122 _

10* |- =

Q* [ Z

10° —

- .

0%~ =

- ]

10 ] [ . ] P ety 1 J B R T |
I 10 100 1000

TIME — SECGNDS

Figure 4-1 Rising Limo of the Overland
Flow Hydrograph



3

This value is higher than the theoretical value of C = 6,
but is lower than a similar value estimated for C by Izzard
using the same data. In his study, Izzard ccasuted the surface
profile of the overland flow when the flow reached steady state,
and campared the volume of water under this profile to the vol-
ume detained on the surface as computed from the measured hydro-
graph. Following this procedure for a nuumber of runs, Izzard
obtained the value C- = 58/4 = 1.5 when the rainfall intensity
was 3.6 in/hr (Izzard, 1946). The difference between these
values of C is not significant Ifrom a practical point of view
since the wliimate interest is in the runoff hydrograph. This
point will be developed more Fully in terms of a sensitivity
analysis in the next cheptexr. However, these differences, as
well. as the occurrence of 2 sharo increase in discharge at the
end of rainfall during many of the tests suggests there is a
nméh nore camplicated relationshin between the Reynolds number,
rainfall intensity, and the friction coefficient than is ac-
cainted for by the laminar flow equation.

Woo and Brater (1962) have report.d the results of ex-
pexriments conducted by them where steady unilorm raianfall was
aoplied to a flwme approximately 30 £+ long by 6 in wide. The
rainfall applicator was carefully designed to faithfully simulate

raindrops as they naturally occur. The rainfall intensity was

- See footnote attached to Equaticn 3~3.
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set at each of three levels and two conditions of surface
roughness were studied. The slope of the flume was varied
from .001 £t/ft to .06 ft/ft. When the flow reached steady
conditions, the water surface proflle and discharge were
measured. The rainfall intensity was camouted from the dis-
charge. Values of C cbtained by Woo and Brater were sensitive
to both the slope of the flure and to the intensity of the
rainfall. For a surface of sand, screened betieen sieve sizes
16 and 20 and glued to masonite, values of C increased fraa
10 to 25 as the slope increased fram .003 to .06 ft/ft. Mason-
ite, with the rough side wp, produced sligatly lower values.
The investigators present mumerous curves relating the ccef-

ficient  and the Reynolds number for variocus cambinations of

slope, rainfall intensity, and surface roughness.

Results of Camputer Simulation

Each of the overland flow tests listed in Table L-1
were simulated on the camputer using the finite difference
Torm of the equation of flow. For overland flow lengths of
72 £t, the value used for Ax was 12 ft., For coverland flow
lengths of 12 ft, the value used for Ax was 3 £ft. The value
used for A+t was 3 seconds. An attempt was mele to use larger
velues of At, but the camputations became unztable even though

the ratio Ax/At satisfied the convergence restriction given

by Equation 3-9.



The results of the camsuter simulation are presented
in Figures 4-2 to 4-5. The observed runoff hydrograph is
indicated by the dashed curve, and the computed hydrogreph,
by the solid curve. There is excellent agreement between
the cbserved and camputed hydrogravhs. Where cbserved and
camputed values were too close to show both curves, only the
solid curve for the camputed hydrograph has been shown.

In every test, the campubed hydrograph reached'steady
state before the observed hydrogreph. This phenaumena could
be explained by a variable coefificient C. In the camputations,
C was always edqual to the constant value of 10, but if C were
increased as a function of the Reynolds number and the rainfall
intensity, better agreement between the two cuxrves could be
obtained. By changing the value of C when rainfall ceases,
thg sharp increase in runoff at the end of rainfall could also
be reproduced. However, the amount by which C should change
at the end of the rain is a function of the Reynolds number
as well as the rainfall intensity.

Yu and McKnowm (1964) studied overland flow data from
tests by the Los Angeles District of the Corxrps of Engineers
fram 1948 to 1954. These testsc extended over a higher range
of Reynolds nurbers than the tests by Izzard. Yu and McKnown
report that above R = 2000 the sharp increase in flow aiter
secession of rain was not cbscrved to occur on & concrete

surface. The relative increase in discharge, expressed as
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A @/Q, was found to be greatest at a Reynolds number of ebout
600. During Izzard's tests, the Reynolds numbers were less
than R = 500.

Considexing the varisbility of the values of C associated
with the scatter of points in Figure U-1 and the variability
of values of C reported by Woo and Brater as well as Yu and
McKnovm, it was quite surprising that the camputed hydrographs
in Figures 4-2 to 4-5 agreed well with the observed hydrographs.
A careful study of these hydrographs reveals that at any instant
of time the camputed runoff rates may differ by a rather wide
margin froem the observed runoff rates. These differences pri-
marily reflect the varieble nature of the coefficient C.

However, in most cases, the time required to reach a
given runoff rate is not much different between the measured
and camputed hydrographs. This might suggest that attention
should be given to large variations in the cube root of the
coefficient C rather than to variations in the value of C

itself (cf Equation %-8 since t ~«J C in this equation).
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Chapter 5

RESULTS OF COMPUTER STULATION OF THE RUNOFF
PROCESS -~ THE INLET HYDROGRAPH

Runoff hydrographs for three paved arecas have been
synthesized using a finite difference form of the equatiocn
of flow to simulate the dynamic behavior of a drainage area.
Measured rainfall was used as input to the mathematical model
and the synthesized runoff hydrograph was then campared with
the measured hydrograph fran the gaged area. Eicellent agree-
ment was found between wthe synthesized hydrograph and the
measured hydrograph for every storm that was simulated.

A total of 13 stomus were similated for the three areas.
The synthesized and measured hydrographs are presented in

Figures 5-1 to 5-12.

Description of the Gaged Areas

Two of the gaged areas, 9 and 12, are adjacent sec-
tions of East Cleveland Avenue in Newark, Delaware. The third
area, SPLl, is a parxking lol on the Johns Hopkins University
campus. The physical features of the areas are lllustrated in
Figures 2~2 to 2-4, For convenience, sane of the principal

features of these areas also are summarized in Table 5-l1.
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Table 5~l. Physical Features of the Paved Inlet Areas

Average Average
Area - Imperviousness =~ Channel  Surface

Station Acres d Slope Slope
N9 0.636 _ 100 .0250 .0300
N2 0.955 100 .0092 .0300
SPL1 0.395 100 0179 .0182

Runoff fram area N9 is measured with a 9-inch Parshall
Tflume; runoff fram area N12, with a 12-inch Parshall flume.
Rainfall on these areas is measured in increments of .0l inch
by a tipping bucket rain gage. There is a separate rain gage
imnediately edjacent to each of the areas. The rainfall and
runoff events at each gage are recorded on a single chart,
there being separate recorders for the two areas. The chart
speed of both recorders is 1/10 inch per minute, which allows
the data to be read from the charis in one minute time inter-
vals. The data dbtained from ‘he Newark areas are the most
reliable record of rainfall and runoff that have ever been
obtained for small paved areas. The gages were installed in
1959 by the University of Delaware in connection with a re-
seaxrch project sponsored by the Delaware State Highway Department.

Since 1962 the Depa.ﬁ:ment of Civil Engineering at the University
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of Delaware has very graciously cooperated with the Hopkins
Storm Drainage Research Project in continuing the operation
of the gages.

Runoff from area SPL1 is measured with & welr located
in the storm water inlet to which this area drains. A diglital
record of depth of flow over the welr in increments of .02 £t
is obtained. The record of rainfall and runoff is obtained
on a single chart moving at a speed of 1% inches per minute.

A more camplete description of the instrumentation for the
area is given in the 1962 Progress Report of The Storxm Drainage
Research Project.

The method used to divide each of the inlet areas into
camponent parts was described in Chapter 2. The physical
characteristics of each camponent arxe given in Chapter 2 in

Figures 2-2 to 2-4.

Friction Coefficients for the Paved Inlet Areas

In addition to the physical characteristics of each cam-
ponent part of a drainage area, a friction coelficient must
also be selected before the computaitlons can be made. From the
study described in Chapter 4, a laminar friction ccefficient
for overland flow camponents was cobtained. For flow in gutters
and pipes, friction coefficients are also needed.

Flow in gutters, swales and pipes is usually turbulent

during storms, so the Mamning equation has been used to campute
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the friction slope Sf. Ceoefficients in the Manning equation
were selected on the basis of Jjudgement; and the runoff hydro-
graph vas camputed and tested for sensitivity to changes of
the Manning coefficient and the laminar flow C value as well.
The coefficients selected for both laminar and turbulent flow

are found in Table 5-2.

Table 5=2, Friction Coefficients Used in the
Synthesis of the Runoff Hydrograph

Surface Coefficient
Overland Flow (Impervious Surface) C =10
Concrete Pipes n = ,013

Concrete Curb and Guiter, Adjacent

Asphalt Pavement n . 020

h

Taxr and Chips, Triangular Swale n .025

Sensitivity of the Computed Hydrograph to

Changes in the Friction Coefficients

One of the most significant results obtained during
this study xesulted from a test of the sensitivity of the
camputed hydrograph to changes in the laminar and turbulent

flow friction coefficients. It has been found that differences
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in n and C values, that would be expected in estimates of
these coefficients by engineers exercising reasonably sound
Judgement, have very lititle effect on the camputed runoff
hydrographs for the drainsge areas considered in this study.
It gppears that the geametry of the area and the continuity
restrictions on the flow have a far more dominant effect on
the shape of the hydrograph and the timing and magnitude of
the pealr rate of runoff than have the variaticns in friction
coefficients estimated by engineering judgement.

The sensitivity analysis was made for the most sig-
nificant storm observed on each of the areas N9 and SPLl.
A factorial experiment was conducted wvhere the lManning coef-
ficient for gutter flow was assigned an upper and lower value,
and the coefficient C also was assigned an upper and lower
value. There are & possible canbinations of upper and lower
velues of these coefficients, so, for each area, % hydrographs
were computed using the various cambinations of friction coef-

ficients., In Table 5~3, these Ifriction coefficients are given.

Table 5-3. Friction Coefficients for the Sensitivity Analysis

Storm 19 N9 Storm 13 SPLL
Coefficient Upper Lower Upper  Lower
Value Value Value Value
n, Gutter Flow LOL7T L,013 025 .020

C, Overland Flow 20 15 20 15
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The hydrographs camputed using the friction coefficients
in this table are shown in Figures 5-13 and 5-14 for stomms
19 N9 and 13 SPL1 respectively. For convenience the camputed
hydrogreaphs cbtained using the friction coefficients given in
Tzble 5-2 are shown in these figures by the solid curves. Only
where there was sufficient difference to draw additional curves
are portions of the hydrographs obtained in the sensitivity
analysis also shown. For all camputations, the value of n for
pipe flow was assumed Lo be .0OLl3.

It appears thexre is also another result of the sensitivity
analysis that was not anticipaced but is nevertheless quite
logical and extremely immortant. For the areas studied, the
runoff hydrograph seems to be moxre sensitive to the value of
n used for the gutter flow than to the value of C used for over-
land flow. Fox larger areas, where the lengths of gutter and
pipe flow from the upper end of the aresa become very long
relative to the lengths of overland flow, it would be expected
that the runoff hydrograph would be more sensitive to n values
over the entire length of flow than to C values. But, even
for paved areas smaller than one acre, it appears that the
nature of the gutter flow has a greater effect on the runoff

hydrograph than the fricticn associated with overland flow.
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Chapter 6

A COMPARISON OF SEVERAL METHODS OF ESTIMATING
RUNOFF RATES FROM SIMALL URBAN AREAS

Because large asmounts of camputer time are required
to solve the equations of flow, less camplex methods of de-
seribing drainage area behavior are needed for many practical
problems. This chapter has been prepared to illustrate how
well the results obtained by solving the equations of flow
campare with results fran other, less complex methods.

Initially, a unit hydrograpvh method was used to es-
timate the camplete runoff hydrograph for several of the
stoms studied in the previous chapter. The hydrographs com-
puted with the unit hydrograph method are illustrated in
Figures 6-7 to 6-12. Also shown in these figures are the
measured hydrographs and the hydrographs synthesized using
tﬁe equations of flow.

Other methods have alsc been used to camoute the peak
runoff rate for each of the 12 storms. These results are
given in Table 6-1, and the stabistical distributions of
differences between the camputed and measured peak rates are
shovn in Figure 6-1k.

Before proceeding to present the results obtained with
the unit hydrograph method, the unit hydrograph method and the

proceduxre used to obtain the unit hydrograph are first described.
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The Unit Hydrograph

The unit hydrograph methqd of estimating the runoff
hydrogreph approximates the behavior of a drainage area as a
lineax system. The unit hydrograph is the hydrograph of a
unit volume of surface rugoff from a storm prcducing surface
runoff at a constant rate and lasting for a unit period of
time. If the duration of the storm is one minute, and a unit
volume of surface runoff occurs, the resulting hydrograph is
called the l-minute unit hydrograph. The hydrograph of runoff
for any one minute storm of constant intensity can be camputed
fram the l-minute unit hydrograph by multiplying the ordinates
of the l-minute unit hydrograph by the proper coefficient. For
example, let a unit volume of runoff be equal to one inch.
Then & storm of 1 in/hr and lasting one minute produces 1/60
of an inch of surface runoff. The runoff hydrograph for this
one minute storm is obtained by multiplying the ordinates of
the l-minute unit hydrograph by the coefficient 1/60.

Any storm lasting for many minutes may be described
as a sequence of one minute storms (see Figure 6-1). The
runoff hydrogreph from each one minute storm in this seqguence
can be obtained as in the preceeding example. By superimpos-
ing the runoff hydrogreph fram each of the one minute storms,
the runoff hydrograph fo¥ the camlete storm may be obtained.

Fram the unit hydrograph for eny duration of unifomrm

rain, the unit hydrogreph for any other duration may be obtained.
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As the duration becomes shorter, the resulting unit hydrogreph
goproaches the instantaneous univ hydrograph. The instantan-
eous unit hydrograph (IUH) is the hydrograph of runoff that
would result if an inch of water were spread uniformly over
an area and then allowed to run off,

The IUH also has anocther, very significant meaning
from a mathematical point of view. The ordinates of the IUH
represent the relative effect of antecedent rainfall intensi-
ties on the runoff rate at any instant of time, By plotting
the IUH with time increasing to the left rathexr than to the
right (see Figure 6-2), and then superimposing this plot over
the rainfall hyetograph (plotted with time increasing to the
right as in Figure 6-2); the relative weight given to ante-
cedent rainfall intensifies (as a function of time into the
past) is easily dbserved. In other woxds, the runoff rate
at any time is camputed as a weighted average of the previous
rainlall intensitles. Thexcfore, the computed runoff hydro-
graph is the weighted, moving average of the rainfall pattern,
and the weighting function is the time-reversed image of the
wnit hydrograph.

Stated mathematically, the runoff rate at any time is

given by

Qi) = [ 2(%)  i(e-&)aw (6-1)
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where G{t) is the surface runoff rate at time t, £(Z') is the
ordinate of the IUH at time 27, and i(t-2’) is the rainfall
intensity (after sbstraction of the apprcpriate infiltration
losses, etc.) at time t-27. The veriable 27 represents time
into the past so that time t-2" occurs before time t. The
limits on the integral allcow & <to vary between the present
time (i.e., 2= 0, t=-2’= t), and the time rainfall began
(i.e., &=1t, £~2 = 0). The intégral gives a continuous
welghting of previous rainfall intensities by the ordineates

oi the IUH.

Synthesis of the Unit Hydrograph

For gaged areas, there are numerous methods for obtaln-
ing a unit hydrograph from measurements of rainfall and runoff.

For small ungaged urban areas, however, accurate methods for

ohtaining a unit hydrograph have not been developed. To dis-
tinguish between the unit hydrograph obtained fraom a record of
rainfall and runoff and the unit hydrograph obtalned for an
ungaged area, the unit hydrograph for an ungaged arsa is known
as a synthetic unit hydrograph. Studies by Dooge (1959), Nash
(1959) and others have suggestced eguations to describe the
shapes of synthetic unit hydrographs, but methods for evaluating
unknovn parameters in these ecguations remain cuite subjective

for urban arcas.
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To illustrate how well the unit hydrograph method can
be expected to estimate the runoff hydrograph for an ungaged
urban area, the equations of flow have been used to obtain
synthetic unit hydrographs. The shapes of the synthetic unit
hydrographs obtained in this way are similar to the shape of
the Gaimma or Peason Type III statistical distribution. The
equation of this statistical distribution has been suggested
by both Dooge (1959) and Nash (1959) to describe the instan-
taneous unit hydrograph.

The equationg of flow have been used to simulate a
storm of constant rainfzall intensity lasting until the runoff
reached steady state. Then, the rainfall was ended and the
runoff allowed to recede., From the resulting synthetic runoff
hydrogreph, two estimates of the IUH vere obtained. An IUH
vas derived fram the rising part of this runoff hydrogrsaph,
and another estimate of the IUH was derived fram the recession
part.

If the theory of the unit hydrogreph exactly represented
the behavior of a drainage area (that is, if & drainage area
behaved as a linear system), these two estimates of the IUH
would be identical.

The ordinates of ‘the TUH have been obtained fram the re-

sponse to a constant rainfall intensity, I, by using the equation

%.% = £(t)eI (6-2)
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which is derived by differentiating Equation 6-1. That separate
estimates of the IUH can be obtained frcem the rising and reces-
sion parts of this runoff hydrozraph requires & mathematical
descripvion of the »ulse of rain which lasted Tfor a total dura-
tion of time, T.

Let the funcition U(t) be a unit step function, i.e.,

U(i)

I
(@)
“
ck
A
o

I
}.J
.
o
v
o

(6-3)

Then a2 pulse of constant reinfall intensity, I, and lasting

for a duration, T, can be described as
i(t) = I+ U(t) - U{t-T) (6-1+)

Substituting 6~4 into 6-1 and differentiating 6-1 gives

a9(t) - z.2(t), ©<T (6-5)

aQlt) _ I- o(t) - "‘("G-T) R t>7 (6~6)

After runoff reaches steady state, and before time T,

aq _

5T Therefore, £(t) = 0 after steady state is reached.

Thus, in Equation 6-6, the temm £(t) = O since this equation

applies Tor t>T and (%) = 0 if ¢ is larger then T. Introducing
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subscripts to distinguish bebtireen the two estimates of the

IUH, Equations 6-5 and 6-6 are rewritten and simplified.

£1{t) = —— , t<T (6-7)
£,(t-T) = - Q‘E ,  t>T (6-8)

In Figures 6-3 to 6«5 the results of simulating the
pulse of rainfall Tfor each of three drainage areas are shown.
The IUHs derived from Bauations 6~7 and 6-8 are chowa below
the corresponding rising and recession parcicns of the runoff
hydrograph.

A rainfall intensity of 3 inches per hour was arvitrarily
chosen, and different unit hydrograchs would have resulted if
a different intensity were selected. To 1llustrate the effect
of rainfall intensity on the unit hydrogreph, intensities of
1 in/hr and 6 in/hr were also simuleted for area SPL1l. The
resulting instantaneous unit hydrographs are shown in Figure 6-6.
As would be expected, the unit hydrographs indicate a quicker

response of the area to larger raintall intensities.

Runoff IIydrographs Computed with the

Syathetic Unit Hydrogreph

Runoff hydrographs for several of the storms studied in

the previous chgpter were computed using l-minute unit hydrographs
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derived from the instantancous wnit hydrographs. For each
stomu, hydrographs wWere compuited using botn the rising and

the recession unit hydrogreohs. The ccaputed hydrogradhs are
prescnted in Figures 6-7 to 6-~12. Showa a2lso on these figures
are neasured hydrogrephs and the synthetic hydrographs caruted
by the eguations of flow. Since the eguations of flow were
used to derive the unit hydrozreph, the runoff hydrographs
reoresent an gpproximation to the solution of Ghe equations of
Tlov.

In all cases the curves from the recessicon unit hydro-
graph give the best spproximation to the measured hydrograph.

It is interesting how well the unit hydrograph approxi-
nztes the solutions to the ecuations of flow. It is significant
to recall thabt in Fipurce 6-6 the “wo most similar instantaneous
wnit hydrographs are these obtodned from the recession to the
square pulse, particularly the wo labeled 3 in/br and & in/hr
This suggests that the uwalt hydrogreph approxination obtains
its best accuracy during intense rain when there already is
walter stored on the area. To show that the difference between
the 3 in/hr and 6 in/hr recession instantancous unit hydrographs
is small, both of these unit hydrographs have been used o
camoube the runoff hydrogroph fram Storm 13 SPLl. As illustrated

in Figure 6-13 there is ttle difference between the two hydro-
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It later will be shown that the rising unit hydrograph
gave better estimates of the peak iunoff rate than did the
recession unit hydrograph. Generally, the peak runolf rate
given by the recession unit hydrograph was too low. It is
interesting that in Figure 6-13, where hydrographs camputed
from the 3 in/hr and 6 in/hr recession unit hydrographs are
compared, the greatest difference was in the neignborhood of
the peak. This would suggest thal better estimates of the
veak runoff rate could be obtained using tae 6 in/hr recession
unit hydrograph rather than 3 in/hr, and good agreement with
the remainder of the hydrogrcrh a2lso could be maintained.

It is not surprising thet the aporoximation derived
fram the recession unilt hydrograch is not as good at the be-
ginning of rainfall as aiter the first few minutes of the storm
have elepsed. During the first few minutes of every storm,
ranoff rates coamuted fron the recession unit hydrograph exceeded
the measured and synthesized runoff rates. Vhen using the unit
hydrograoh to study infiltration losses, this phenomena at the
beginning of the storm makes it appear that initial infiltration
rates are larger than actually have coccurred. Thus, infiltration
rates detemined from records of rainfall and runoff are epvarent
rates of infiltration and mey not represent actual infiltration
rabtes if a unit hydrograpvh has been used to describe the mechanics

of suxface runoff.
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Two Additional Methods for Estimating

the Peelk Runoff Rate

For each of the 12 stoms studied in the previous chap-
ter, several methods have been used to cbtain estimates of
the peak runoff rate. Two of these estimates already have been
obtained fram the unit hydrograrh methcd vhere both the rising
and recession unit hydrographs were used to camoute runoft
hydrographs. Also the equations of flow were used to synthesize
the runoff hydrograph for each storm. In addition, two other
methods have been used to estimate peak mwdoff rates.

The {first of these methods was develcoped by Viessman
(1962), For small paved urban areas Viessman developed the

Tollowing eguation for estimalting the peak runoff rate:

0.88Ao.9sso.17

Q = 59.16(np/ng ) (D0 97/ T2) (i5/iy) (6-9)

where

Q = the pesk runoff rate in cis
m, = a base value of the lMonning coefficient = .013

ng = value of the Manning coefficient selected for the
drainage area

D = the total depth of rainfall in inches during time T

T = the time of the intense part of the storm defined
as the time in minutes extending back fram the
minute of maximmm rainfall intensity to the beginning
of the first minute when rainfall intensity exceeds
cne inch per hour



ol

i, = the mean intensity in inches per hour for the peak
minute plus <The minute preceeding it

iy, = 60D/T

A = drainage area in aecres

average gutter slope in ft/ft

H

Sane of the data used to dexive this equation were obtained
frcm the three drainaze areas used in this study. Three of
the twelve storms used in this study were used by Viessman
in deriving Equation 6-9.

In addition to the estimotes of the pecl: rate obtained
fram the % methods so far described, the Rational Formula was
also used. This was done because this ecuation is widely used
in the design of storm drainage facilities. However, values
for the C-Factor and time of concentration were obtained from
equations for these paramcters developed by Schazke (196k).

| t should be undersvood that the use of the Rational
I'ormila in this study is considerably diffexrent from the use
of the Rational Formula in desimsn vractice. For design, a
frequency of recurrence is associated with the camputed peak
runoff rate and is assuned to be the same as the frequency of
recurrence of the rainfall intensity obtained fram a rainfall
intensity-time~frequency chart. Here, the rainfall intensity
is found 25 a maximum average rainfall intensity during a

storm. Further, the camputed peak runoff rate is here campared
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with the peak runoff rate measured for the particular storm

and is not campared with the peak runoff rate ca:pected to

occuxr with the same frequency as the rainfall intensity.
The equations used to estimate the C-Factor and to

detexrmine the averaging time, ty, are

C = 0.4 + .65 Tmp + .05 8 (6-10)
oy 002’(
t = 2L (6-11)
504 137,03

where

g

ratio of paved arce to the total areca

iy

average slope of the main drainage channel in ft/ft

Uy
i

L = length of the main drainage channel in Teet

These equations were derived from data collected from 20 gaged
drainage areas including the three areas now being studied.
The equation used here ©to estimate t, originally was derived
1o estimate the averase time lay between the centroid of the

reinfall hyetograph and the centroid of the xunoff hydrograph.

Estimates of the Pezk Runoff Rate

Tae various estimates of the peak runoff rates foxr the
12 stomms are given in Teble 6-l. The per cent difference be-

tween the measured and commuted values are also given in this



Table 6-1,

Comwarison of

Methods Tor Dotimating Peak Runoff Rates

Measured  Solution of the Rising Unit Recession Unit Viessman Rational
Storm (cL§7iELe) %2&?7ﬁ8§5(OLD§%31) (ces ;{Qfo iBBEL.. (cLU}Ai§O ﬁaggll. (cfs/ig§m%%abiff.) (cfs/ig§m%%aDiff.)

1519 3.87 3,90  + 0.8 3.90 + 0.8 3.k9 -9.8 3.31  -1l,5 3.87 0.0
1919 7.85 7.20 - 8.3 6,76 -13.9 6.01  -23.5 6.48  -17.5 6.59  -16.1
2349 3.67 3.88  + 0.3 3.7% - 3.b 3.55 - 8.3 Ll o+ 6.2 3.52 - 9.1
2519 3.65 3.3 -~ 8,0 3.60 - 1.k 3.03 -17.0 3.kY - 5.8 3.55 - 2.7
LR L, 67 LE8  +0.2 I I 3.8 -17.8 h,50 - 3.6 3.68  -2L.2
812 57T 5.67 = LT 5.67 © = L7 5,586 - 3.3 5.2 -11,3 5,02 -13.0
15812 2.56 2,78  + 8.6 3.13 02,2 2,91 +13.7 2.5 - 0,8 2.95 +15,3
19112 511 5.2+ 0.2 5423 - 1.9 5,28 - 2.1 k.58 ~15.% 5,12 - 5.k
35PLL 3.10 3.2,  + 3,6 3.09 - 0.3 2,82 - 9.0 2.3 ~2h.5 2,51 ~19,0
65PL1 2.3 3.13 +28,9 3,13 +28.9 2,83 +16,5 2.19 - 9.9 2.71 +11,5
138PLL  5.75 6,11  + 6.3 5,50 - L.k 5,03  =12,5 h,57  -20.5 L k7 ~22.3
18sprl 2.18 2,38 -~ 14,0 2.37 ~ b4k 2,17 -12,5 1.23  -50.3 2,07 ~16.6
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table. Statistical distrivutions of the differences between
measured and camouted values are shown in Figure 6-1h.

The curves in Pigure 6-1L show that the best estimates
of the peak runoff rate were obtained fram the solutions to
the equations of flow. In fact only one of the 12 estimates
deviated from the meessured rate by more than 10 per cent.
This was for a small stoxrm on arca SPLL and the peak occurred
during the first few minutes of the stom. For more than
half of the storms the difference was less than 5 per cent
fTor this method.

The unit hydrograph method gave surprising resulis.
Estimaltes based on the rising uwnit hydrograph apreed better
with the measured rates then did estimates based on the re-
cession unit hydrograph. Agparently, it would have been better
to use a wmore intense rainfall than 3 in/hr in obtaining the
recession unit hydrograph. Tais would have iroroved these
estimates considerably. Oa the other hand, the two curves
in Figure 6-14% for the unit hydrograrh method illustrates that
the unit hydrograph may not gilve resulis that are better than
those by, say, the Rationzl Formula; but, the wait hydrograph
method could give results about as good as obtained fram the
solution to the equations of flow,

Both the Viessman Formula and the Raticnal Foxmula

gave results that were gbout equally good. Inr each case,
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gbout 80 per cent of these estimates differed Ffrom the measured
values by less than 20 per cenc. It must be erphasized that

the Rational Method estimates are based on coefficlents obtained
frayr equaticns derived fraa observations of reinfall and run-
off on 20 urban areas, end the arcas studied here were included
in these 20 arecas. Furthermore, in & recent study (Schaske,
Geyer, and Knapp; 196k) C-Factors and concentration times were
estimated by engineers using thelr usual desipgn procedures

when applying the Rational Method. The results of that study
showed better resulis were obtained by using Equations 6-10

and 6-11 than were obteained by the engireers' cstimates. There-
fore, the Rational Method, as presently used in design practice,

may nov give estimates as good as those chiained here.
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Chanter 7

SUMMARY AND CONCLUSIONS

Billions of dollexs will be invested during the next
few years in storm drainage facilities. If existing design
procedures are used to detemnine the sizes of facilities re-
quired, millions of these dollars will ve used for facilities
larger or smallerxr than justified by their need. To develcop
improved design procedures, more accurate estimates of the
storm runoif resulting from rainiell are needed.

In this study a methcd of synthesizing the hydrograph
of stomn runoff fram rainfall has been presented. Only storms
on paved drainage areas have thus far been synihesized be-
cause improved procedures for estimating infiliration rates
on pervious urban arcas ramain to be develcoped. Also, fric-
tion coefficients for overland Zflow over turfed areas need to
be obtained frcom hydraulic studies of overland flow.

‘iIsing the equations of gradueslly varied unsteady flow
in copen channels to describe the mechanics of surface runoff,
excellent agreement has been cbiained between measured runorff
hydrographs fram paved drainage areas and cagpuled runoff
hydrograohs. Data frca selected overland flow tests by Izzard
in 19k2-1943 and data for three paved inlet arcas gaged by the

Hopkins Storm Drainage Reseaxch Project were analyzed.
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For each of the gaged drainsge areas a synthetic unit
hydrogravh also was developed Ifram the equations of flow. When
synthetic unit hydrographs wexre used to conr_oute the runcff
hydiogreaph Tor each of the stomms studied, the synthelic unit
hydrograph was found to gporoxinate very well the solution
to the equations of flow. L.e runoff hydrogrepvhs camputed with
the synthetic unit hydrogravhs also zzreed well with the meas-~
ured runoff hydrographs.

Several methods for estimating the peak runolf rate
were also studied. Ald bult one estimate given by the egations

of flow deviated by less than 10 per cent fram the measured

peak raie.



102

APPEINDIX A - HOTATION

Symbol Descrintion
A = Area of flow {sg.ft.)
B = Top width of flow (£t)
c = IR for laminar flow
T = Darcy-Welsbach friction ceoefficient

Acceleration of gravity (£t/sec?)

g =

H = Depth of flow (£t)

i = Rainfall intensiiy (in/hr)

25 Spild

K T 9 n(k3200)2 -

L = ZLeungth of overiand Flow (Ft)

n = Friction coefficient in lManning's
equation

a = TPate of lateral inflow (S.F./sec)

Q = Runofl rate

Q¥ = &/«

T ) = Hydraulic radius (£t

R = Reynold's nwiber = VHAZ

Se = I’ricticn slope or LmeoitMEammg
gradients for steady flow (£t/ft)

So = Cheannel slope (£t/ft)

t = Time



Symbol

v

0

0
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Descxrintion

Velocity of a Tluid element (ft/sec)
Average velocity {(£t/sec)

istance along a channel (£t)

o

ViJga/B, V-JgA/B = direction of
chargeteristic curves in the x-~t
plane (£t/sec)

. . . a2
Dynomic viscosity {(1b sec/fi<)

Kinenotic viscosity = Ik, (£t%/sec),
@ 5007, ¥ = 1l.41 x 10~2

Density (slugs/£t3)

Viscous shear stress (1b/1t2)
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